The covariant and kappa-symmetric action for superstring in direct product of two flat D = 10 N = 1 superspaces is presented. It is given by the sum of supersymmetric generalization of two copies of chiral boson actions constructed with the use of the Pasti-Sorokin-Tonin (PST) technique. The chirality of 8 'left' bosons and 8 'left' fermions and the anti-chirality of their 'right' counterparts are obtained as gauge fixed version of the equations of motion, so that the physical degrees of freedom are essentially those of the II Green-Schwarz superstring. Our action is manifestly T-duality invariant as the fields describing oscillating and winding modes enter it on equal footing.
I. INTRODUCTION
The fact that, to make manifest T-duality, the characteristic symmetry of String Theory [1] , one needs to double the coordinates of the spacetime had been appreciated decades ago and the corresponding sigma model actions were considered in [2] and [3] . The background fields coupled to the fundamental string should also allow for formulation in doubled spacetime (or should be doubled themselves [4] ); such a description is now known as 'double field theory' [5] .
The pseudoaction of sigma model on doubled twisted tori was proposed in [6] (where 'pseudo' refers to the fact that a chirality/self-duality condition have to be imposed by hand when working with the action) while Tseytlin's action for this case was studied in [7] . The covariant version of Tseytlin's action was constructed in [8] with the use of Pasti-Sorokin-Tonin (PST) technique [9] (see also [10] ). The relation of the covariant pseudo-action [6] and non-covariant action [3] was the subject of [11] , where the PST action of [8] was also reproduced . However, neither a supersymmetric generalization of the PST-type covariant action from [8] nor a supersymmetric generalization of the non-covariant Tseytlin's action [3] have been known before.
A superstring model in an enlarged doubled superspace was proposed in recent [12] (see also [13] ). This model is not just the supersymmetric and covariant generalization of Tseytlin's action as a number of additional types of coordinates are introduced besides the doubling of bosonic vector coordinates of superspace. The approach of [12] is based on an embedding of (two) super-Poincaré algebra(s) into a superalgebra with nondegenerate metric; extra coordinates are then partially removed by imposing dimensional reduction and section conditions.
In this letter we develop a more economic description of the T-duality invariant type II superstring. We present the PST action for supersymmetric string in double D = 10, N = 1 superspace and describe its gauge symmetries, including the local fermionic κ-symmetry. Our action is a supersymmetric generalization of the bosonic string PST action from [11] and the nontrivial part of our study was the search for κ-symmetry. The preservation of the κ-symmetry may be considered as a guide to search for superspace constraints describing supergravity in doubled superspace (see [14, 15] for the description of supergravity in double space 1 and [22, 23] for its description in a very extended doubled superspace).
We denote the coordinates of two copies, left, Σ 
with a = 0, 1, ..., 9 and α = 1, ..., 16. Their push-forwards to the worldsheet W 2 (with local coordinates {ξ m }), which we will denote by the same symbols, will describe the left-moving and right-moving modes of type II superstring. The upper position of the index of θα 2 does not mean that we are restricting ourselves to IIB superstring as far as the indices of left and right coordinates are transformed by different SO (1, 9) groups. This is reflected by tilde over the right coordinate indices (we omit this below to simplify the notation). The SO(1, 9) × SO(1, 9) will be a manifest symmetry of our superstring action.
In very early papers [24] Isaev and Ivanov showed that the standard Green-Schwarz (GS) superstring action [25] can be written as an action on Σ 
, which is used to construct the first, Nambu-Goto type term of the GS action, can be considered as a sum Π a = L a + R a , of VA 1-forms of left and right superspaces,
while the second Wess-Zumino term of the GS action can be written as ( In contrast, our action below is formulated in terms of originally unconstrained Z M L (ξ) and ZM R (ξ) which become (essentially) chiral and anti-chiral (self-dual and anti-self-dual) on the mass shell after gauge fixing one of the gauge symmetries (PST 1 symmetry) of the action.
II. ACTION FOR SUPERSTRING IN DOUBLED SUPERSPACE
Our T-duality invariant type II superstring action is given by the sum (3) of two basically independent actions for 'left' and 'right' supermultiplets of coordinate fields
coordinates (1); hence the name of superstring in double superspace. We denote local coordinates on the worldsheet (5) and of the Wess-Zumino (WZ) term
Here ∧ is the exterior product which is antisymmetric for bosonic 1-forms 2 , and L a is the (pull-back to the worldsheet of the) VA 1-form (2) 
2 so that, e.g.
The PST Lagrangian form (5) includes a 1-form
constructed from an auxiliary scalar field a = a(ξ) called the PST scalar [9] . This obeys a topological restriction
, where g mn = g mn (ξ) is the inverse of the worldsheet metric g mn . That is also used to define the contraction, e.g.
We prefer to construct the worldsheet metric g mn from worldsheet zweibein 1-forms
which are among the independent variables of our dynamical system. Then the Hodge duality * can be defined as a simple operation on the zweibeine * e
so that, for
Decomposing the 1-form v (8) on the zweibein basis, v = dξ m v m = e + v + + e − v − , one notices that
This equation implies that neither of the components v + and v − can vanish thus reflecting the topological restriction on the PST scalar (
and R a given in (2) . Notice that we use the same zweibein (encoded in * ) and PST scalar (encoded in v (8)) in both left and right parts of the action.
III. SUPERSYMMETRY AND GAUGE SYMMETRIES OF THE ACTION
A. Supersymmetry
Taking into account the famous D=10 Fierz identities σ aα(β σ a γδ) ≡ 0, we can write the (formal) exterior derivative of the WZ term, dL
which makes manifest its invariance under (7). As L
, is supersymmetric up to integral of total derivative, which vanishes in the case of closed string. The complete action (3) is invariant under (7) as well as under its counterpart acting on
so that the total number of target (super)space supersymmetries of our action is 32, the same as for type II GS superstrings.
B. κ-symmetry
The action is also invariant under 16=8+8 parametric local fermionic κ-symmetry. It is infinitely reducible: we describe it in terms of 32=16+16 fermionic functions κ + β (ξ) and κ − β (ξ) only half of which does contribute efficiently in the transformations of physical fields (chiral supermultiplets). One half of the κ symmetry with parametric functions κ + β (ξ) acts on left coordinate functions and e + ,
while the other half with parametric functions κ − β (ξ) acts on left coordinate functions and e − ,
The PST scalar is inert under the κ-symmetry. Notice that the κ-symmetry transformations for physical fields can be also written without explicit use of zweibeine,
with κ
The presence of κ-symmetry (first discovered in [27, 28] for superparticle models) is important because it implies that the ground state of our dynamical system preserves some amount (1/2) of the supersymmetry (and is a stable, BPS state) [29, 30] . In our case it is also important to establish the relation of our model with type II GS superstring, which is known to possess the κ-symmetry reducing by half the number of its fermionic degrees of freedom.
C. PST gauge symmetries
Our action is invariant under gauge symmetry 'parametrized' by an arbitrary (up to topological restrictions) variation of the PST scalar, δa(ξ), supplemented by the following variation of the bosonic coordinate functions
All other fields are inert under this PST 2 symmetry, δ P ST 2 ( other f ields ) = 0, which makes the PST scalar a pure gauge, Stückelberg field, thus justifying our statement on its auxiliary nature. The topological restrictions ∂ag∂a = 0 do not allow one to set a(x) equal to constant or identify it with light-like coordinates, but one can fix e.g. the gauge a(ξ) = ξ 0 = τ . In this gauge our PST action acquires Floreanini-Jackiw-or Henneaux-Teitelboim-like form (see [31, 32] ) in which its reparametrization (2d general coordinate) invariance is not manifest.
Anther important symmetry, which we call PST 1 symmetry (see [31] for its non-covariant form), acts nontrivially only on the bosonic coordinate functions,
, (24) δ P ST 1 ( other f ields ) = 0 , and is characterized by 20=10+10 arbitrary functions of the PST scalar, ϕ a (a(ξ)) andφ a (a(ξ)). When ∂ag∂a > 0 this infinite dimensional symmetry can be shown to be the gauge symmetry so that it can be used to reduce the number of degrees of freedom of the dynamical system (see [26] and refs. therein).
IV. EQUATIONS OF MOTION
The variation of the action (3)-(6), (15) , (16) with respect to zweibein gives a beautiful deformed version of the Virasoro conditions
With this in mind, the form of the fermionic equations of motion,
(where
suggests the presence of the local fermionic κ-symmetry (19), (20) 3 . The variation with respect to the bosonic coordinate functions result in the second order equations
3 Indeed, on the surface of the deformed Virasoro conditions (25) , the contractions of (26) withσ (ξ) ) and R a =φ a (a(ξ)). However, the arbitrary r.h.s. of these equations can be gauged away using the PST 1 gauge symmetry (with
. As a result, the gauge fixed form of the Lagrangian equations (28) is the pair of homogeneous first order equations L a = 0 and R a = 0. These, in their turn, imply (see [9] and e.g. [26] ) the self-duality and anti-self-duality conditions
In zweibein formalism these can be written in the form
These equations provide the supersymmetric generalization of the chirality conditions characteristic for the type II GS superstring, in which case however, the first terms would involve the same bosonic coordinate field X a . Eqs. (30) and (31) also make manifest that the deformed Virasoro conditions (25) reduce to the standard (L a + ) 2 = 0 and (R a − ) 2 = 0 in the 'self-duality gauge' (29) . The fermionic equations (26) and (27) in this gauge also reduce to more standard 
we find that the equations of motion for physical fields are just the chirality and anti-chirality conditions
Thus (X
q ) can be identified with the physical left-moving and right-moving fields of the type II GS superstring. As ∂ + X − L and ∂ − X + R are expressed through the above physical fields by the solution of the Virasoro conditions, we can state that our superstring in double N = 1 superspace provides a T-duality invariant formulation of the GS superstring. The details on Tduality symmetry of our action and on zero modes of chiral bosons will be discussed elsewhere.
V. CONCLUSION AND OUTLOOK
In this letter we have presented an action for the string in doubled N = 1 D = 10 superspace which provides a covariant and supersymmetric generalization of the Tseytlin's duality-symmetric action for bosonic string [3] . We have shown that our action is invariant under a local fermionic κ-symmetry similar (but not identical) to the one of the standard GS superstring action. Our model uses essentially the PST approach to Lagrangian description of self-dual gauge fields, the set of which include chiral scalars (left-moving or right-moving fields) as d = 2 representative. The 'generalization' of our model for the case of superstring in doubled N = 1 superspace with D = 3, 4 and 6 is straightforward.
The bosonic limit of our construction gives the PSTtype action for bosonic string in doubled spacetime constructed in [11] so that the nontrivial part of our study was to prove that our supersymmetric generalization does possess a local fermionic κ-symmetry which guarantees that the ground state of our dynamical system is 1/2 BPS state (see [29, 30] ) and allow to consider our superstring in doubled superspace as T-duality invariant formulation of the type II Green-Schwarz (GS) superstring.
It will be interesting to study the relation of our model to the T-duality invariant superstring formulation recently proposed in [12] . We see an advantage of our construction in that it seems to be much more economic: in contrast to [12] , we do not need either additional coordinates (tensorial etc.) or an embedding of a direct product of two super-Poincaré algebras into a superalgebra with non-degenerate metric. Probably the use of PST technique allowed for such a simplifications.
A natural application of our study is to consider the generalization of our action to curved doubled superspace and to use requirement of the preservation of the κ-symmetry to search for constraints defining supergravity in doubled superspace. Probably such a search for doubled supergravity would shed a light on the nature of section conditions which have to be imposed by hand in doubled field theory as it is formulated presently; an even more optimistic hope is that such an approach might generate an alternative to the section conditions.
